Lecture 2B

Application of Quantum mechanics

lI- Vibrational motion

Harmonic Oscillator Models
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Harmonic Oscillator

Many physical system including
molecular with configuration near to
equilibrium position can be described
by Hamiltonian of the Harmonic
Oscillator
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1.The Classical Harmonic Oscillator

The Potential Energy of a Diatomic Molecule

A——B

Harmonic Oscillator Approximation

V(R) ~ ¥2k(R-R,)? ks the force constant

or V(xX) »%kx?> x=R-R,
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Hooke’s Law and Newton’s Equation

dv d (1
- f=—=——| Zkx* |= —kx
Force: i dx(z j
2
Newton’s Equation: f = ya = ﬂd_;( where U= m,m,
dt m, +m,

Reduced Mass

Therefore: 1 —— = —KkX

Slide 4



Solution

1 —— = —kx Assume: x(t)= Asin(ot)+ Bcos(at)
d°x

dt’ M = -0 X

= -0’ Asin(ot) - 0°B cos(nt)
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Initial Conditions (like BC’s)

X(t)= Asin{ot)+ Bcos(at) Let’s assume that the HO
g starts out at rest stretched
d—: = wAcos(wt) — wBsin(wt) out to X = X,.

X(0) = X,
dx
(—) =wA=0 dX
“h 5.
dt )

|

X(t) = Bcos(at)

and x(0)=x,=8 — | X(t)=x,cos(al)

® 1 |k
V=—=— _
2n 2r\\ u
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Conservation of Energy
dx

X(t) = x, cos(at) s = -0X,Sin(wt)

dt

Potential Energy (V) Kinetic Energy (T)

1 1 (dx)
V:—kX2 T:— —_—
2 2”(mj

T = %ya)zxg sin®(wt)

Vv :%kxj cos’(wt) T :%kxjsinz(a)t)
ot=0, r, 2r, ... —> X =1X,
1
V :Ekxg T = 0

ot=nrn/2, 3n/2,... — x=0
V =0 T :ikxj
2

Total Energy (E)

=T +V
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Classical HO Properties
Energy: E=T+V =%kx,>=Any Value i.e. no energy quantization

Ifx,=0,E=0 l.e. no Zero Point Energy

Probability: E = 15k, 2

P(x)

| X ]
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The Quantum Mechanical Harmonic Oscillator

Schrodinger Equation

Particle vibrating against wall

2 2
—h—dl//+%kxzt//:Ew I

2m dx’
l— x=R-R,—5]

Two particles vibrating against each other

2 2
I d "[2/+£kxzt//:E1// ‘
X =R -
— m1m2 )

m, +m,

Boundary Condition: y—0 as x - tw
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Solution of the HO Schrodinger Equation

Rearrangement of the Equation
e diy 1

L A -
e 2T
2 2
—h—d"[;+(£kX2—Ejt//:0
21 dx 2
2
dl/z/—zél(ikxz—Ejy/:O
ax* AT \2 Define
d°w (2uE ku 2) 2uE
+ — :0 =
dx’ (hz w2 )Y 72
2 klu_:uza)z — E
d2W+(/1—a2X2)gy:0 T "\
dx’
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HO Energies and Wavefunctions

Harmonic Oscillator Energies

E, :(n+%jhco:(n+%jhv n=0,123,..

Angular Frequency: o = k
U
Zha)
- : 1 [k 2
Circular Frequency: y = — [— >
2\ 1 Sk 5
Q —how
K i ’
Wavenumbers: ﬁ:L = 3
2rc\l u —ho
2
1
—how
where y - 1 __ v em-! >
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Quantized Energies
Only certain energy levels are allowed ! heo
and the separation between levels is: - 2
S 5
AE = ho S 2"
LL]
The classical HO permits any value of E. 3i0
2
1
: —hw
Zero Point Energy 2

The minimum allowed value for the
energy Is: .
E,=-ho
2

The classical HO can have E=0.

Note: All “bound” particles have a minimum ZPE.
This is a consequence of the Uncertainty Principle.
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The Correspondence Principle

The results of Quantum Mechanics must not contradict those of
classical mechanics when applied to macroscopic systems.

The fundamental vibrational frequency of the H, h =1.05x10-34 Jes

molecule is 4200 cm™. Calculate the energy level ¢ = 3.00x108 m/s

spacing and the ZPE, in J and in kJ/mol. = 3.00x101° cm/s
N, = 6.02x10%3 mol-?

0= 2rv=2r0/ =2(3.14)(3.00x10 cm /5 )(4200¢m )= 7.92x10% 5

Spacing: AE =g =(1.05x10J -5)(7.92x10% 57} = 8.3x10°" )

N, -AE = (6.02x10% mol™)(8.3x107° J = 5.00x10°J Imol =[50 kI I mal

1
ZPE: By =~ ho- %(1.05x10‘34 J-s)(7.92x10" 57 )= 4.15x107 )

N, -E,=(6.02x10% mol™){4.15x107%° J | = 2.5x10°J /mol 4 25kJ I mo
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Macroscopic oscillators have much lower frequencies than
molecular sized systems. Calculate the energy level spacing and
the ZPE, in J and in kd/mol, for a macroscopic oscillator with a
frequency of 10,000 cycles/second. A =1.05x1034 Jes
c = 3.00x108 m/s
= 3.00x10%° cm/s
0 =21y = 2(3.14)(1.00x104 s‘l) = 6.28x10% s N, = 6.02x10%3 mol-!

Spacing: AE = fig = (1.05x107%J -5](6.28x10* s ) = 6.6x10°*J

N, -AE = (6.02x10% mol™)(6.6x10°* J = 4.0x10°J /mol 4 4.0x10* kI /mol

1
ZPE. E, = > ho= %(1.05x10‘34 J+5)(6.28x10%s ) =3.3x10*" ]

N, -, =(6.02x10% mol™)({3.3x107J )= 2.0x10°° J /mol 4 2.0x10°kJ / mol
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Harmonic oscillator wavefunction

Y4
2
y/V:NVHV(y)e‘VZ’2 y:(lj a:{ i }

a mkK
12 , V4
l/fv{ﬁzlvvla_ H, (y)e™" y=(§j a{r:kf}
\ :{ 1 17 in general
"l ar 2Vt
v H () 0 n=m
o1 [H,H.e " dy=
: 2y Jz2'vl n=m
2 4y* -2
3 8y° —12y
4 16y*—48y?+12
5 32y° —160y° +120y
6  64y°—480y*+720y? —120



Harmonic Oscillator Wavefunctions

= [i ax" j g X 12 Application of the recursion formula yields a
- different polynomial for each value of n.

N H (ﬁx)e‘“z’z These polynomials are called Hermite
Vo= Tl polynomials, H,.
or

—y212 \/_
W, = Nan(y)e where Y =+/0/X
Some specific solutions
n=0 y,=Ne“?=Ne*? Even
ﬂ:l _N Z\FX aX/2: 22) 1202 Odd
n=2 y,=N,(dax?-2)e """ =N, (42°-2)e’""? Even
n=3 ‘//3:N 3/2 % 12\FX ax/2: 8Z _122) Odd
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E, :Eha}
2
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Quantum Mechanical vs. Classical Probability

| I

Classical Turning Points

Classical
P(X) minimum at x=0

P(x) = 0 past £x,

QM (n=0)
P(Xx) maximum at x=0

P(x) = 0 past £x,
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Correspondence
Principle

(x y2 V zero) n=9

Note that as n increases, P(X)
approaches the classical limit.

For macroscopic oscillators
| I e

Classical Turning Points
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Properties of the QM Harmonic Oscillator

Some Useful Integrals

Iwe‘ﬂxzdx Lz

0 2\ 8
Remember
jo xe P dx = ) )
2p [" fxde=2]" f(x)ox
If f(-x) = f(x
J x2e Py = —— |Z ) =10
0 4\ p Even Integrand
00 2 1 0
3A- X _
I x°e dx_F j_wf(x)dx 0
If f(-x) = -f(x)
jw x‘e 7 dx = iz i Odd Integrand
’ 8\ /P
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Wavefunction Orthogonality

_ —ax?/2 X<
Vo= Nge Pm S XSO

v, = Nl(ZxEX)e_MZ/2 0- < X < o0

v, = N2(405X2 - 2)e‘“2’2 00- < X < o0
<yoly,>

<I//O|W1>=J‘_Z(N ~ax /2)(N 2Ja xe aXIZ)
(olw,)=N ij xe “* dx

Odd Integrand

<‘//0 |W1>:
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Wavefunction Orthogonality

—ax?]2

Wy = Noe
v, =N, (2dax)e "

v,=N,(4ax’ - 2)e "1

<yoly,>

Wolv,)= j_i(Noe‘“z’z)( N, [404 X - Z}e“”z’z)dx
4aj_i xZe " dx - Zj_i e““de} .[owe_ﬂxzdx B %\/%

O L )
Woly2) =N, {4(1-2-—\E-z 2-—(} J, X dx_4ﬂ\g

<Wo Wz)zo

<V/0|V/2>: NoN,
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The Two Dimensional Harmonic Oscillator

The Schrddinger Equation

1 1
V(X,y)= Ekxx2 +§kyy2

{_ h’ { 822 - 822]+[£kxxz +%kyy2}}§”(x'y) =Ey(xy)

ot 1 o1
{[___ﬁ_kXxZ}r{_E—+—kyy2”w(x,y)=El//(X,Y)

The Solution: Separation of Variables

The Hamiltonian is of the form: H (x,y)=H (x)+H (y)

Therefore, assume that v is of the form:  y (x,y)=v ,(x) ey (y)
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The above equation is of the form, f(x) + g(y) = constant.
Therefore, one can set each function equal to a constant.

E=E, +E,
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The above equations are just one dimensional HO Schrodinger equations.
Therefore, one has:

Vi = N an nx(\gxx)e_wm2 Viy = NnyH ny(ﬁy}’)e‘“”z’z
1
EX :[nx+—jha)x Ey :(ny-l_ijhwy
2 2
" y
# u
a. = HO, g - /ua)y
X h y h
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Energies and Degeneracy

E=E +Ey:(n +£]ha) +(n +£jha)
X X 2 X y 2 y

b o
o, =, [— o= |—
u 17

Depending upon the relative values of k, and k,, one may have
degenerate energy levels. For example, let's assume that k, = 4-k, .

a)y:Za)X 11/2

9/2
E:(nx+£jha)x+(2ny+l)ha)x .
2 5

] < 772
E:(nx+2ny+—j/‘w)X L

2 5/2

3/2

40 02
30 11
20 01
—_— =1
10
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Application to spectroscopy

The Vibrations of Diatomic Molecules
Vibrational Spectroscopy
Vibrational Anharmonicity

Vibrations of Polyatomic Molecules
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1. The Vibrations of Diatomic Molecules
The Potential Energy

\ A——B
Define: x=R - R,

Expand V(x) in a Taylor series about X = 0 (R = Ry,)

2 3 4
V(X):l(v)xultd_v] X1+£ d\ﬁ X2+£d—\£ X‘°’+l d\:
o1+ /x=0 1 dx ), Iodx® ) 3 dx* ) 41\ dx

2
2 3 4
V(x)=(V) +(d—vj X+t d\g x4l d—\é I d\: X+
=0 ldx ), 2 dx 6\ dx* ) | 24 dx* )

j X'+ ..
x=0

Slide 28



\/ 1(d? , 1 dv ;1 d*v 4
Vix)=0 + Xt~ == | X'+ X+ | X+
O XX N 20 dx* ) . 61 dx* ) | 24\ dx )

V(x):%kx2+yx3+§x4+...

: d?v 1(d*V
V) =0 By convention k = S=—
( )x:o y ( dXZ jxo 24[ dX4 ]XO
3
(d_Vj _o By definition - l(d_\gj
X o of R, as minimum 6L dx” ),
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V (x) = %kx2 +rxX 4+ x4

The Harmonic Oscillator Approximation

Ignore x3 and higher order terms in V(x)

2
Vo=t where  k=| LY
2 dx* ) .
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The Force Constant (k)
The Interpretation of k

2
k = d\g :i(d_\/):i(ﬂope)
dx® ) , dx{dx /) dx

l.e. k is the “curvature” of the plot, and represents the “rapidity”
with which the slope turns from negative to positive.

Another way of saying this is the k represents the “steepness”
of the potential function at x=0 (R=R,).
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Correlation Between k and Bond Strength

Small k Large k
Small D, Large D,

D, is the Dissociation Energy of the molecule, and
represents the chemical bond strength.

There is often a correlation between k and D.,,.
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® N2

®CO

® NO

® 02

®H2

Cle o HI. HBr

Note the approximately linear correlation between
Force Constant (k) and Bond Strength (D).
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2. Vibrational Spectroscopy

Energy Levels and Transitions

En:(n+£jha):(n+£jhv V:izi k
2 2 2r 2n \\ u

Selection Rule

(+1 for absorption,

An =11 .
-1 for emission)

IR Spectra: For a vibration to be IR active, the dipole moment
must change during the course of the vibration.

Raman Spectra: For a vibration to be Raman active, the polarizability
must change during the course of the vibration.
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Transition Frequency

n— n+l

AE :{(n+1)+ﬂhv—{n+ﬂhv:hv

Wavenumbers: vy = AE v cm™?
he ¢
Note: ﬁzi h
2rc\ u

The Boltzmann Distribution

-E, /KT ~E, /KT
NHOC gne ! =@ 7

The strongest transition corresponds to: n=0 —» n=1
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Calculation of the Force Constant

Units of k

2
St
dx o

kgom7 kg em
(o s* _kg ’ 42 N

m? m? s " m m

Calculation of k

1 [k

v=—— |-

2rc\l u

|

k:(27rC17) I
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The IR spectrum of 7°Brl°F contains a single line at 380 cm-?

Calculate the Br-F force constant, in N/m. h=6.63x1034 Jes
c=3.00x108 m/s
Mg -Me  (79amu)-(19amu) c=3.00x10%° cm/s
a - k=1.38x1023 J/K

Mg, + M 79amu+19amu 1 amu = 1.66x1027 kg

1 N =1 kgem/s?
po=1532amu-1.66x10 kg /famu =2.54x10 " kg 0

ot K k= (2ror) = [2(3.04)(3x10% em /5)(380em )| (2.54x10 % kg
2rc '\ u

=130k /s* =130 (kg -m/s”)/m =130 N /m
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Calculate the intensity ratio, R = by for the °Br'°F vibration at 25 °C.

IO—>1

~E, /KT
1»2_N1 ¢ ~(Ey-Eo)/KT  _ -hev kT

= — -
| N, e B/

| )
152 —p 1.84 _ 016
I0—>1

a

h=6.63x1034 Jos
c=3.00x108 m/s
¢=3.00x10%° cm/s
k=1.38x1023 J/K

v =380 cm1

hey (6.63x107°J -s)(3.00x1010 cm/s)(380 cm‘l)

T (1.38x10 % J /K ) (298K

=1.84
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The n=1 — n=2 transition is called a hot band, because its
Intensity increases at higher temperature

Dependence of hot band intensity on frequency and temperature

Molecule
79Br19|:
79Br19|:
79Br19|:
H3>Cl
H35Cl
H35Cl

\Y
380 cm-1

380
380
2880
2880
2880

25 °C

500

1000
25
500
1000

0.16
0.49
0.65
Ox10-/
0.005
0.04
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3. Vibrational Anharmonicity

\
Ve

V (X) = %kx2 +yxP+Ooxt + L

Harmonic Oscillator
Approximation: V(x) Ekx2

The effect of including vibrational anharmonicity in treating the vibrations
of diatomic molecules is to lower the energy levels and decrease the
transition frequencies between successive levels.
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V (X) = %kx2 +rxP+oxt £

A treatment of the vibrations of diatomic molecules which includes
vibrational anharmonicity [includes higher order terms in V(x)]
leads to an improved expression for the energy:

E. [ 1j_ [ 1)2 _
—L=|\n+=|V-|Nn+=]| XV
hc 2 2

v is the harmonic frequency and X, is the anharmonicity constant.

Measurement of the fundamental frequency (0—1) and first
overtone (0—2) [or the "hot band" (1 —2)] permits determination

of U and X.. See HW Problem
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Energy Levels and Transition Frequencies in H,

E/hc [cm]

15,400
v o= 4400 cm - 13,930
11’000 17 :3680 Cm_l
) - 10,250
v = 4400 cm .
v =3920cm
6,600 | 6.330
v =4400cm ™ 7 = 4160 cm
2,200 2,170
Harmonic Actual
Oscillator
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Anharmonic Oscillator Wavefunctions

%AW " M/Mﬂ%

vvvvvv

(xang y V zero) ()eng y2 V zero)
-0.5 -0.3 -0.1 0.1 0.3 05 0.7
llllll vals.1
(xang y V zero) (xang w2 V zero)
wlst o s
(xang y Vv zero) (mng y2 V zero)
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Examples for HO



Example. For the y, of the HO . = IR 00- < X < 00

1- Find the normalization factor

2
1
2.Find <x> <p> <x?%> <T>:<p_>:_<p2>

2
1 1
<V >:<EkX2>:Ek<X2>
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Example. For the y, of the HO . = IR 00- < X < 00

1- Find the normalization factor
2. FiInd <X>

Normalization

from
HW Solns.

<'7V1 |‘//1> = j [A1Xeax2/2}2dx _q
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Positional Averages

<X>

0

<X>= <l//1|X|l//l>=J. X[Alxe‘“z’zrdx

-0

from
HW Solns.
<x>=10

<X2>

0

<x>={y X |y,)= j X’ [Alxe‘”z’zrdx

—0

from
HW Solns.

<x2>:i
20
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Momentum Averages

<p>

< p>= (l//1| f)|l//1>zj [Alxe_axzm}

o0
—0

, d (Alxe-axz/z)
i

dx

from
HW Solns.

<p>=10

<p2>

<p°>=(p|p*lyy) = J_i[Alxe_axzm}

from
HW Solns.

<p’ >:%h20¢

—h?

dx

d? (Alxe“”z’z)

dx?

dx
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Energy Averages

Kinetic Energy Potential Energy
p° I 1,,\ 1 )
<T >=(—)=— V >=(=kx")==k (X
(Z)- i Vo= (ot )= 2
<T >:i(§h2aj <V >:£k(ij
2u\ 2 2 \ 2«
from from
HW Solns. HW Solns.
<T >:%hco <V >:§ha)

Total Energy

E:(n+%jha):%ha) =<T >+<\V>
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In spectroscopy, we commonly refer to the “energy in wavenumbers”,
which is actually E/hc:

E(n,n,n,...) 3'“( 1j~
= n+—1.
he 2" 2 )"

i=1

The water molecule has three normal modes, with fundamental

—~ —~

frequencies: v; =3833 cm, v, =1649 cm, v, = 3943 cmL.

What is the energy, in cm-, of the (112) state (i.e. n;=1, n,=1, n;=2)?

E(112): 1+l v, + 1+£ Vv, + 2+£ V,
hc 2 2 2

= %(3833cm1) - %(1649 cm )+ %(3943cm1)

=18,081cm ™
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The water molecule has three normal modes, with fundamental

—— —

frequencies: v; =3833 cm, v, = 1649 cm, v; = 3943 cm-L.

What is the energy difference, in cm, between (112) and (100),

l.e. E(112)/hc — E(100)/hc ?
E(112) =18,081cm™
hc
E(100) = (1+ £)171 +(0+ £jﬁz - (0+ Ejv”s
hc 2 2 2
3

- E(3833cm‘1) n %(1649 cm‘1)+ %(3943cm1): 8 546cm ™

E(ﬁlZ) - E(;OO) =18,081cm ™ -8,546¢cm ™t =9,535¢cm ™
c c

This corresponds to the frequency of the combination band in which
the molecule’s vibrations are excited from n,=0—n,=1 and
N;=0—n,3=2.
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